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The behaviour of a solution of Helmholtz' equation near a

confluence of boundary-conditions involving directional derivativesq)
6 1. Introduction. .

The main problem to be considered in this report can be stated as
follows, Let f(r,tf) be of class 62 inside the domain D(R): O« r ¢ R,
O ¢« <« @ , with O ¢ O £2, and satisfy there Helmholtztequation
A F-k°F=0 with arbitrary complex k. Let f be of class C,in the

closure of D(R), except possibly for the origin and let the deri-
vatives satisfy the boundary-conditions

- , 2F 1 of
for ¢=70 , O<Lr<R: cos T My == = Binw M. = e = 0 (1.3
for «lﬂmO O<dre Ricos o ?-gmsinr/u 13-2--—-0 .

when/uq andxﬁ42 are arbitrary complex numbers., BFinally, let f be
bounded for r — O, uniformly for 0 < (¢ < »6.

Then, what can be said about the analytic behaviour of f(r,fﬁ
near the origin.

Problems of this type are of some importance in the study of

" boundary-value problems., If the solution of such a problem cannot
be established in closed form, it is fregquently useful to have in
advance some information concerning the possible analytic behaviour
of the solution near the "singular points" of the boundary, i.e.
the points where the tangent of the boundary is discontinuous or
(1f one 1is deallng with a boundary-value problem of mixed type)
where the parameter « of the boundary condition, when the latter

is wrltten in the invariant form

cos T —= + sinwu == = O, (1.2)

is discontinuous.

It 1s ¢clear that the solution of the problem formulated above
may serve to this purpose, at least if the boundary consists of
rectilinear segments and the parameter u 18 sectionally constant,

-

For the more general case 0f a boundary consisting of sufficiently

regular arcs and/or boundary-conditions with sufficiently smoothly

&

varying parameter o , a first approximation may be expected (which

usually is sufficient), whereas more precise information can be

obtalined with the aid of conformal mapping and iteration.

It k2m03 i.e., 1f we are dealing with harmonic functions, a

complete solution of the problem can be found ( & 4). In the general
case, however, 1Tt seems to be difficult to find a complete solution

Wouhr DAY GNEN WA A U DINEE bRl SR e NS AT e O R

1) Research carried oult under the direction of Prof.Dr D. van
Dantzilg.



and we shall confine ourselves to one or two leading terms together
with an estimation of the remainder.

Of course, 1f sin T™u =0 or cos T Mm =0, i.,e, 1f we are dealing
with the classical boundary-conditions, much more general results
could be found wilith elementary methods. We shall not consider these
cases separately, however,

It should be remarked, that the left hand member of (1.2) is
Nnot the most general case of a directional derivative with complex

coefficients, the caﬂes,§§~¢_i %ﬁ-not being included (these cases

= + 100 )., In view of the results to be
found in this paper, it seems that in these cases (being the cases
of differentiation in isotropic directions) the behaviour of f(r,q7)

may be much more complex,

would correspond with

This study has grown out from an investigation of some hydro-
dynamic problems, involving Coriolis force, which naturally lead to
boundary-conditions of the type (1.2) with complex (and even purely
imaginary) values of # . The hydrodynamic application of the re-

sults of this report will be given in a separate report to be
published presently.

» 2. Bounds for the derivatives of functions that satisfy certain

i e I oo, SRR b P DRI e T . I

Mt > . Wi

boundary-conditions.

In this paragraph we shall deal with functions f(x,y) which
are of class 022) in a certain domaln D and of class Cq in.D+[ﬁ,
where [ is the bounda vy of D,

First we recall a variant of a well-known theorem 3), that

states that if |f(x,v)| <« M,l in D+ I and la T(x,y) Y} & M,2 in D,

AD f a f o £y '_F"I b .. - . B .

=% and == will satisfy icequalities of the type
tE | A .
S (x,70 ¢ ST M, + B e(x}y) M, 5 (2.1)

where 63(Kgy} is the shcertest distance from.(x,y) CO Tﬂ,and A and
B are numerica. factors, indcpendent of the shape of D and the
position of ®» and v in D,

For points (x,y) near [ (2.1) is not of much use. If, however,
" consists of sufficiently regular arcs and if f satisfies a linear
boundary-condition on | , intultion indicates that the theorem may
be generalised such as to arrive at a formula of the type of (2.1),
where now eg(x,y) is the distance from the point (x,y) to the near-

[

ezt of the '"singular' points of the boundary.

2) A function is said to be of class C_ in a domain D if its deri-
vatives of order m exist and are cottinuous in D.

3) Compare for instance John, Plane waves and spherical means, N.,Y.,
1955, Ch.VIII, whcre a much mcore general Theorem of this type is
proved,



In this report, we shall only consider the case that the point
(X,y) lies near a part 171 of ['which is a rectilinear segment
along which f satisfies the boundary-condition

COS Trm + 8inT m == = 0. (2.2)

By means of conformal mapping this result may be extended TO
the case of a more general boundary-curve along which (2.2) holds.

Theorem 2.1,
Let D be the domain +/ xig-!—yzi ¢ p and let [' be its boundary.
Let f(x,y) be of class 02 in D and gi_classCM in D+ {' and let

TN

[

£(x,y)1 <« M, in D+ [, (2.3)
o f(x,y)l ¢« M, in D
Then
'3£-(o,o)’ < fi? M., +'§%r'€ M, . (2.%)
Proof,

As has already been stated, this theorem 18 well-known. We
shall, however, indicate a proof of it since this proof shows a
way to attack the case where boundary-conditions are involved,

Let us first suppose that % =".

Let z=x+iy, z_=x_+1y_ (1z1¢1, 1z I «1) and consider the

Q
function (25 (2 )
Jef zz -1)(zz -1
a(x,y; x_,y. ) & ln —2 2 ° (2.5)

(2-2,) (F-Z,)

Since, when z and z=x-1y are considered as independent variables,
o 2 2
9 0 0

, G 18 a harmonic function of X,y throughout

c dy 0z D 7
‘%xexcep¥ at zng Z(the point z= m%w-being outside D), but
O
ol

_ g , ﬁ
G(x,y; Xo,yo) + »— 1n (x-x_) +(y-y,) =

] _ —
= G + 7 1 (zwzo)(zsz)

is regular tThroughout D.
Hence G is a Green's function which moreover gsatisfiles the
boundary condition G=0 if (x,y) is on [’ (where EEZMq).

Furthermore, we infer from (2.5) that

G‘(X’y; Xoﬁyo) = G(xojyog X’Y) >

hence, when considered as a function of X3V 4 G has the same

properties:

1 - | _ o
G + §F;ln Izmzolis a regular harmonic function of X2V g in D and G=0



for (xo,yo) on | .

Accordlngly, by Green's theorem and the famillar reasoning,
we have, if (x,y) is 1n D,

f(x,y) = '"jJ G(X:y.; XO”y#D) AN f(XO"yO) dSO L
D

P .
- | f(xgy,) S G0ys %gsY,) a8, (2.6)
B
Since, if f(x,y) 1s not on 1l , differentiation in (2.6) with

respect to X or y may be performed under the integral-sign, 1t

follows
,;é.(o,o) = “wﬁj %%-(0,0; xo,yo) . Axf(xoﬁyo) a SO +
D
- i‘f(xo’yo)'gﬁg'%g'(o’o’ X sV,) 4 s,
whence 4), using (2.3),
%‘"}g (0,0)] £ M, Sp 4'3"5'; %’9 (0,03 Xo-’yo)} A8o ¥
+ Mg Jgfr%%'(o’o’ Xo-’yo)l @ 5y =
= A M,l + B M.
The values of A and B may be found readily. Since ;&-m-§%-+;§% ,

we have, 1if XO+1yOmPoe;(PO,

%?*{" (OJO_'? Koﬁyo) - >ar ('i:g' o IO) COB LFO
) ¢ i 7
and T s (0,05 x_,¥.) P —~ cos Y.
2T ol
Henc A = 1 COS ‘ d = t
© B o l ? 5 Yo T 577
° ox 1 .
_ 2
B = f lCOS (fg(j)‘ d(f)o ” j (’l-—-r‘o )d}f'o = ?—;‘:2: o
e O

Finally, 1f ¢ #1, we may substitute x= Qﬁ, V= 07,

£ (x,¥)=F(4,n). Then for & +n < &~

L W S R T R T I T

4) 39.(0,0; xo,yo) 1s regular except at the origin, where it has
a dipole-singularity, hence ﬂ/x02+y02 %%'(O’szo’yo) is finite

throughout D.
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z —_ 2
°¢ _ _ 4 | 1% L2 M -2z, :]
= il NN ., = < I =
0z K (4*226)(2-20) (1wzzo)(zmzo) '
?_._g_ _ E’_X__ [ ,]WZO ew’E.’Wi/u 1#‘20 }
2z Ir N = V(= '
From these formulae it 1s directly seen that for z=2z
- TG TipmM oG A
e — + € 5§-w03 hence, since
0 140 .0 Jd 1 J . @
E“E(ﬁ“lﬁ)r -ﬁ“&(&'+l'§&'):
!
G(%x,¥; xo,yo) satisfies on {} the boundary-condition
pXe! % Lx¢!
COS 71'/4" 3‘;{' — D1 Tr i —5—5—]- — O:5
N 2 G ... 2@
or COB T M S + S1nN T M SH = Q.
'
Furthermore, if (xojy ) is on I; , wWe have
1=z gmﬂwx QwZix y +y qw ~21X oY o 420 2m~21y z and similarly 1~?’2w21
O O ohdie O YoTo - ] e yo 0’
1 4G 1 0G

hence we see from (2.11) that §“‘5§' nd §m_§§-are bounded continuous
{
Tunctions of (x s Y o ) when this 801nt vari®s on I, (1t being under-

2
!
stood that (x ,,y) is a fixed point, not on 1] ).

PFinally, we remark that

G(x,¥5 K .ygs ) = G(X 2V, 5 X,95 - ),
.

hence, when considered as a function of Ko s¥go o+ §?'1n |zmzof 18
I
regular harmonic in D' and G satisiies on r} the boundary-condlcion
rEe ﬂ ° G
08 Fpp —— - sinmu —— = O, (2.12)
BSO I

Now by applicacion of Green's theorem and the famillar reasoning
we have, if (x,y) is in D'+ [',

r(ey) = - [f eGoys xp.v,) Arlxyy) a8
D , |
+ {G‘(X D 4 \Y; ) ....E.....m f(}{ \ ) - f‘(}{_ y ) ‘B G(X vV X N )§ ds
V3 TorYol Fao T 0o 0’707 dn, 2V oYl Yo
1
L (2.13)
If s8in w™ #O, we have on f,‘\l by (28) and (2‘/}2):
of e . Jf 9 G
G?’Wﬂo T - ctg?r/u(agm+f SO)
‘ I f P! (1,0)
hence | (¢ 25 - r 29) 98 = —ctgwiu £ G | _
1
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Consequently, by application of theorcem 2.2 and 2.1 we conclude that
constants A and B exist, dependent only on « and Im m (not on r, P
or Re m ), such that in every point of L

WMFO(-}'BP(P)NPGQHE, |

_ A M
< ——-E;-(—F-)— |

18) the desired estimationsfollow,

X -2
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Remark. If instead of the estimation (2.17), we had the estimations

L5
f{r, ¥ }=0(r® 1n -;-), & P(r, ¥ )=0(r “Te 1n jﬁ)-’ we would find in exactly
1 o of" ol g of oK Ty
the same way rz= = O(r® 1n F)-’ ol O(r” 1n -f;-) :

$3. Construction of an auxiliary Green's function.
/ Let D(eo ) be the scctorial domain O <re¢

0 < @ 2md with 0 ¢ € &£2 and let (ros #,)
be an Inner point of 1¢t,

" Dlea)

We shall construct a Greent'ts function

6
"““‘”""*”“”’j‘g‘*"" G (Eﬁ" ; 'f?O) (where r T

r and r denote the
points (r, ) and (PO, cpo) , respectively), which is, together with its
first derivatives, continuous in the closure of D, except possibly for
the origin and which furthermore satisf{ies the following conditions:

Ia. a(r ; ?O) + "2'1;? In | ?-—-'FO t is a regular harmonic function
.

of r inside D(cQ);

Ib. For leT‘i‘“@, O < r ¢ 60
e o G in w oA o
COB W*/”',i 5-]5- -~ Sin TF',M,‘ >

JG “
5 =
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The first term of the right-hand member of (6.8) is given by
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